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Bell state analyzer (BSA) is one of the most crucial apparatus in photonic quantum information
processing. While linear optics provide a practical way to implement BSA, it provides unavoid-
able errors when inputs are not ideal single-photon states. Here, we propose a simple method to
deduce the BSA for single-photon inputs using weak coherent pulses. By applying the method
to Reference-Frame-Independent Measurement-Device-Independent Quantum Key Distribution, we
experimentally verify the feasibility and effectiveness of the method.
I. INTRODUCTION
Entanglement is at the heart of quantum information
processing [1]. Bell state analyzer (BSA), an experimen-
tal apparatus which performs projective measurement
onto maximally entangled two-qubit states, plays central
roles in many photonic quantum information processing
such as fundamental quantum physics [2, 3], quantum
key distribution [4, 5], quantum teleportation [6–8], and
quantum computation [9, 10].
Figure 1(a) presents the conceptual diagram of an ideal
BSA. When a two-qubit state ρab is given at the input
modes a and b, it returns one of the four Bell states with
the probability of pi = 〈Ψi|ρab|Ψi〉. Here, |Ψi〉 where
i ∈ {1, 2, 3, 4} denotes one of four Bell states. Note that
the overall BSA success probability Σipi = 1 for any two-
qubit input states. If the input state is not prepared in
the form of ρab, e.g., mode a has two particles while mode
b is vacuum, it provides a null outcome.
In a photonic qubit system, the ideal implementation
of BSA is not straightforward since it requires photon-
photon interaction [1]. Instead, the linear optical BSA
based on two-photon interference and post-selection has
been widely applied for various quantum information
processing due to the simplicity and robustness of the
implementation [11, 12]. Figure 1 (b) shows a typical
linear optical BSA setup in polarization qubits.
The linear optical BSA, however, has a few draw-
backs. With the scheme of Fig. 1 (b), |ψ±〉ab =
1√
2
(|01〉 ± |10〉) = 1√
2
(|HV 〉 ± |V H〉) input state is de-
tected by D12 or D34 (D14 or D23) where Dij denotes
the coincidence detection between Di and Dj . Here,
|H〉 and |V 〉 denote horizontal and vertical polariza-
tion states, respectively. The other two Bell states of
|φ±〉ab = 1√2 (|00〉 ± |11〉) cannot be detected by this
scheme, so the intrinsic success probability is p = 1/2.
One can think of other configurations for BSA, however,
it is known that the success probability of the linear opti-
cal BSA can be at most p = 1/2 [13]. Besides, the linear
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optical BSA works properly only when both input modes
a and b are strictly occupied by single-photon states. In
other words, it can provide incorrect outcomes when the
input state is not prepared in ρab. For example, if input
mode a has two photons and b is vacuum, the linear op-
tical BSA can tell one of the Bell state outcomes whereas
the ideal one returns a null outcome. Therefore, the lin-
ear optical BSA should be carefully utilized with ideal
single-photon inputs, or it can provide unwanted errors.
Despite these imperfections, the linear optical BSA
has been widely applied with non-ideal single-photon
inputs. For instance, Measurement-Device-Independent
Quantum Key Distribution (MDI-QKD), where an un-
trusted third party performs Bell state measurement
(BSM) onto optical pulses from two distant communi-
cation parties, is usually implemented with weak coher-
ent pulses (WCP) [14–17]. The use of non-ideal opti-
cal pulses causes non-zero intrinsic quantum bit error
rate (QBER) in certain bases. Note that in Reference-
Frame-Independent MDI-QKD (RFI-MDI-QKD), a more
advanced QKD protocol which simultaneously provides
high level of security and implementation practicality,
these non-zero QBERs suggest complicated parameter
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FIG. 1. (a) Conceptual diagram of an ideal Bell state ana-
lyzer. Any two-qubit input state ρab returns one of the four
Bell states, |ψ±〉ab and |φ±〉ab. If the input is not a two-qubit
state, it returns a null outcome. (b) Polarization qubit Bell
state analyzer using linear optics. BS : Beamsplitter, PBS :
Polarizing beamsplitter, D : Single-photon detector. Only two
Bell states out of four can be determined using this scheme,
so the intrinsic success probability is p = 1/2. It can provide
certain outcomes even if the input is not a two-qubit state.
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2estimation associated with the security [18–20].
In this paper, based on the recently proposed technique
to characterize linear optical networks using non-ideal in-
put states [21–24], we propose a method to characterize a
linear optical BSA using WCP. In particular, we present a
method to deduce the BSA result for ideal single-photon
input states using the experimental data with WCP. We
apply this method to MDI-QKD and RFI-MDI-QKD and
show that the security associated parameter estimation
can be more simple and experiment friendly.
II. THEORY
A. Characterizing Bell state analyzer
Let us discuss how one can characterize the linear opti-
cal BSA of Fig 1 (b) for ideal single-photon inputs using
the experimental data with WCP. Assuming that we in-
put WCP with the same average photon number at the
input modes a and b, µa = µb = µ, the coincidence counts
between Di and Dj is presented as
N(Dij)
µ,µ = κiκjµ
2e−2µP (Dij |1P , 1Q) (1)
+κiκj
µ2
2
e−µ{P (Dij |2P , 0) + P (Dij |0, 2Q)}+O(µr),
where P (Dij |mP , nQ) is the conditional probability of
coincidence detection Dij when the input mode a (b)
is occupied by m (n) photons with P (Q) polarization
state. Here, κi denotes the detection efficiency of Di.
By blocking one of the input modes, one can obtain the
coincidence counts as
N(Dij)
µ,0 = κiκj
µ2
2
e−µP (Dij |2P , 0) +O(µr),
N(Dij)
0,µ = κiκj
µ2
2
e−µP (Dij |0, 2Q) +O(µr). (2)
Note that the higher order terms O(µr) where r ≥ 3 is
negligible for small average photon numbers µ 1, so we
will drop them for further analysis. Note that Eqs. (1)
and (2) ignore the cases when total number of input pho-
tons is smaller than two since they do not provide a co-
incidence detection.
From Eqs. (1) and (2), we can isolate P (Dij |1P , 1Q)
from all other P (Dij |mP , nQ) where mP 6= 1 and nQ 6= 1
as
P (Dij |1P , 1Q) = N(Dij)
µ,µ −N(Dij)µ,0 −N(Dij)0,µ
κiκjµ2e−2µ
.(3)
While the numerator of Eq. (3) can be directly obtained
from the experimental data, the denominator requires
precise calibration of the detection efficiencies and the
average photon number. In order to avoid the calibration
problem, we investigate the sum of single-photon counts
when one of the modes is blocked as
N(Di) = κiµe
−µ{P (Di|1P , 0) + P (Di|0, 1Q)}, (4)
where P (Di|1P , 0) and P (Di|0, 1Q) are determined by
the input polarization states. Therefore, one can charac-
terize the behavior of linear optical BSA for ideal single-
photon inputs using WCP with Eqs. (3) and (4).
B. Application to RFI-MDI-QKD
Let us first apply the above BSA characterization to
MDI-QKD. In MDI-QKD, two communication parties,
Alice and Bob, transmit optical pulses to a third party
who performs BSM [4, 5]. Note that the MDI-QKD is
usually implemented using WCP with decoy states [14–
17]. Let us first discuss the case when both commu-
nication parties transmit the states in Z-basis, i.e., ei-
ther |0〉 = |H〉 or |1〉 = |V 〉. Since a PBS trans-
mits (reflects) the horizontal (vertical) polarization state,
the horizontal and vertical polarization states are de-
tected at {D1, D3} and {D2, D4}, respectively. There-
fore, for the horizontal polarization single input, one can
find P (D13|2H , 0) = P (D13|0, 2H) = 1/2, and all other
P (Dij |2H , 0) = P (Dij |0, 2H) = 0. Likewise, the vertical
single input gives P (D24|2V , 0) = P (D24|0, 2V ) = 1/2,
while all other P (Dij |2V , 0) = P (Dij |0, 2V ) = 0. There-
fore, except for D13 and D24, (1) in Z-basis becomes
simplified as
N(Dij)
µ,µ = κiκjµ
2e−2µP (Dij |1H/V , 1H/V ). (5)
Considering D13 and D24 does not account for the BSA
result, one can find that, in Z-basis, the linear optical
BSA results with WCP are identical to those with ideal
single-photon inputs. This result coincides with that the
QBER in Z-basis (when both Alice and Bob choose Z-
basis) using WPC can be Qµ,µZZ = 0, and thus, is used for
secret key distribution [5].
In X- and Y -basis, the difference between WPC
and ideal single-photon states becomes visible. Since
P (Dij |2P , 0) and P (Dij |0, 2Q) contribute to the BSM
results, the QBERs in X- and Y -bases with the WCP
cannot be lower than Qµ,µXX , Q
µ,µ
Y Y ≥ 0.25 whereas those
with single-photon states can be Q1,1XX , Q
1,1
Y Y = 0. For
the input polarization states in these bases, |P 〉 =
1√
2
(|H〉+ eiθp |V 〉), the single count probability becomes
P (Di|1P , 0) = P (Di|0, 1Q) = 1/4 for all Di. Therefore,
from Eqs. (3) and (4), we find
P (Dij |1P , 1Q) = N(Dij)
µ,µ −N(Dij)µ,0 −N(Dij)0,µ
1
4N(Di)N(Dj)
.
(6)
Equation (6) implies that the coincidence probability
P (Dij), i.e., the BSM results, for ideal single-photon in-
put states can be deduced from coincidence and single
counts using WCP inputs. With the results, we can in-
fer QBERs for ideal single-photon inputs of Q1,1RS in R
and S bases for Alice and Bob where R,S ∈ {X,Y }.
Note also that all the experimental data N(Dij), N(Di),
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FIG. 2. Experimental setup. H: half waveplate, Q: quar-
ter waveplate, PZT: mirror with piezoelectric translator, ND:
neutral density filters, BS: beamsplitter, PBS: polarizing
beamsplitter, Di : single-photon detectors.
and N(Dj) in Eq. (6) can be obtained from the ordinary
decoy based MDI-QKD experiment.
Applying the above method to RFI-MDI-QKD using
WCP finds more useful results in security analysis. In
RFI-MDI-QKD, the security analysis requires the QBER
in Z-basis, Q1,1ZZ and the C parameter given as [18]
C = 〈XAXB〉2 + 〈XAYB〉2 + 〈YAXB〉2 + 〈YAYB〉2
= (1− 2Q1,1XX)2 + (1− 2Q1,1Y Y )2 + (1− 2Q1,1XY )2
+(1− 2Q1,1Y X)2. (7)
It is notable that both Q1,1ZZ and C are independent of
the reference frame rotation, and thus, it does not re-
quire pre-shared reference frames between Alice and Bob.
Note that Q1,1ZZ = 0 and C = 2 for RFI-MDI-QKD with
ideal single-photon input states. While Q1,1ZZ = Q
µ,µ
ZZ can
be directly obtained using WCP, calculating C requires
Q1,1RS . Our method provides simple way to obtain Q
1,1
RS
using WCP. Comparing to the conventional way to calcu-
late C in RFI-MDI-QKD which requires accurate calibra-
tion of the average photon numbers of signal and decoy
states, QBERs with different average photon number in-
puts, gains for different average photon number inputs,
etc (see Eqs. (6) and (7) of Ref. [18]), our method pro-
vides much more simple and robust mean to estimate C.
Note that the recently developed RFI-MDI-QKD using
fewer quantum states can also be implemented with this
method in order to simplify the experimental implemen-
tation of RFI-MDI-QKD [25].
III. EXPERIMENT
In order to compare the deduced BSM results us-
ing WCP and ideal single-photon inputs, we performed
the experiments using attenuated laser pulses and pho-
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FIG. 3. Bell state measurement results with (a) single-photon
inputs from SPDC, (b) WCP with µ = 0.25, and (c) deduced
single-photon inputs using WCP. Here, µ is determined at
the outputs of Alice and Bob, and thus the effective average
photon number at Charlie becomes µ ∼ 0.008 after 15 dB of
quantum channel loss.
ton pairs from spontaneous parametric down conver-
sion (SPDC). The single-photon pairs at 1556 nm are
generated by type-II SPDC using 10 mm periodically-
polled KTP crystal pumped by femtosecond laser pulses.
The WCP are obtained by attenuating femtosecond laser
pulses. In order to make the spectral bandwidths iden-
tical, both light sources are flittered by the same inter-
ference filters with 3 nm bandwidth. Then, the optical
pulses are sent to Alice and Bob who correspond to the
transmitters of MDI-QKD, see Fig. 2.
In order to erase the first-order interference of WCP,
Alice and Bob employ mirrors attached with piezoelec-
tric translators (PZT) [26, 27]. The PZTs are indepen-
dently modulated during the experiment. The polariza-
tion states of |ϕ〉A and |ϕ〉B are encoded using half-, and
quarter-waveplates (H, Q), then the optical pulses are
sent to Charlie who performs BSM using a linear optical
BSA. The 15 dB neutral density filters (ND) at the opti-
cal paths simulate the quantum channel loss in the QKD
communication. In order to obtain P (Dij |1P , 1Q) using
WCP, the BSM was performed when both Alice and Bob
Inputs ZZ-basis XX-basis Y Y -basis
QSPDC 0.01± 0.001 0.034± 0.002 0.038± 0.002
Qµ,µ 0.018± 0.001 0.269± 0.004 0.265± 0.004
Q1,1 0.014± 0.002 0.037± 0.013 0.030± 0.013
TABLE I. QBERs in MDI-QKD scenario for different bases
with various inputs. QSPDC: SPDC, Qµ,µ: WCP, Q1,1: de-
duced single-photon inputs using WCP.
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FIG. 4. Experimental results of RFI-MDI-QKD. QBERs for
(a) WCP with µ = 0.25, and (b) deduced single-photon inputs
using WCP. C is presented with respect to (c) reference frame
rotation β, and (b) mean photon number µ. Error bars are
obtained by repeating 1,000 times of Monte Carlo simulation
by from the experiment data.
send optical pulses, N(Dij)
µ,µ, and only one of Alice
and Bob sends an optical pulse, N(Dij)
µ,0, N(Dij)
0,µ,
and N(D)i. Note that, in the MDI-QKD scenario, the
later corresponds to the case when one of the transmitters
sends signal state while the other sends vacuum decoy
state.
Figure 3 shows the BSM results with (a) single-photon
inputs from SPDC, (b) WCP with µ = 0.25, and (c)
deduced single-photon inputs using WCP. Here, µ is
determined at the output of Alice and Bob, and thus,
the effective average photon number at Charlie becomes
µ ∼ 0.008 after 15 dB of quantum channel loss. It shows
that the BSM results for ZZ-basis inputs are all similar
among different optical inputs. On the other hands, the
BSM results for other bases present the difference. The
BSM results with WCP are clearly different from those
with SPDC single-photon inputs. However, one can ob-
tain very similar results with the SPDC single-photon in-
puts by deducing single-photon inputs using WCP. This
can be quantified by QBERs in MDI-QKD scenario, see
TABLE I. For ZZ-basis, QBERs with all inputs are close
to QZZ = 0. For XX, and Y Y -bases, however, QBER
with WCP is much higher than those with SPDC inputs.
Note that the intrinsic QBER limit with WCP in these
bases is QXX = QY Y = 0.25. By applying our method
to deduce the single-photon inputs, QBERs become as
low as those with SPDC inputs. Note, however, lowering
QBERs does not mean that we can utilize these bases for
secret key generation. It happens as a result of statistical
treatment and does not effective on the individual events.
In order to investigate the effectiveness of our method
in RFI-MDI-QKD, we have performed the protocol with
respect to reference frame rotation β at Bob’s channel.
As shown in Fig. 2, the reference frame rotation was
implemented by rotating a half-waveplate (Hβ) which
is located between two quarter waveplates at 45◦ [28].
Figure 4 shows QBERs for (a) WCP and (b) deduced
single-photon inputs using WCP with respect to β. The
β independent QZZ < 0.02 is not presented. By de-
ducing the single-photon inputs, the visibility of the si-
nusoidal oscillation increases from V µ,µ = 0.47 ± 0.002
to V 1,1 = 0.94 ± 0.01. Figure 4 (c) presents esti-
mated C for various inputs with respect to β. While
all C are invariant under the reference frame rotation, it
clearly shows C1,1 for deduced single-photon inputs us-
ing WCP is similar with CSPDC for single-photon inputs
using SPDC. The estimated C are Cµ,µ = 0.48 ± 0.002,
C1,1 = 1.75 ± 0.014, and CSPDC = 1.77 ± 0.004, respec-
tively. Different mean photon numbers for WCP does not
provide much difference in calculating Cµ,µ and C1,1, see
Fig. 4 (d). These results clearly shows that C can be
obtained with our method which does not require precise
calibration of QBERs and gains with optical pulses with
different average photon numbers.
IV. CONCLUSION
To summarize, we have proposed and experimentally
verified a method to deduce BSA for single-photon inputs
using WCP. We have also applied the method to RFI-
MDI-QKD and verified the effectiveness in estimating the
security associated parameter C. We note that applying
our method to MDI- and RFI-MDI-QKD in more realis-
tic experimental conditions including the finite key size
analysis would be necessary for future work. We also
remark it would be an interesting research direction to
extend our methods to larger linear optical circuits with a
large number of inputs such as GHZ state measurement.
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